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field in a unit ball B n with Hua's metric and conformal flat metric are obtained by de- 



scribing the B n as a submanifold of an (?7,+l)-dimensional embedding space. Global ge- 



ometric properties of the AdS space are discussed. We show that the (n+l)-dimensional 
AdS space AdS ra+ i is isomorphic to RP 1 x B n and boundary of the AdS is isomorphic 
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1 Introduction 



In Riemann geometry, it is known that the biggest symmetry(isometric) groups of 
the Minkowski space, de Sitter Space (dS) and Anti-de Sitter (AdS) space have same 
number of generators. They can be identified, in a unified way, as the classical manifold 
D\{n + 1) with A = 0, +1 and —1, respectively. Thus, the dS and the AdS space are 
the simplest generalization of the Minkowski space with constant curvature. The dS, in 
particularly, the AdS space and quantum field theory based on it has been an interested 
topic of mathematicians and physicists for a long time[|IJ. There has recently been a 
revival of interest in AdS space brought about by the conjectured duality between 
physics in the bulk of AdS and a conformal field theory (CFT) on the boundary 
The so-called AdS/CFT correspondence states that string theory in the AdS space is 
holographically dual to a CFT on boundary of the AdS||. A strong support for the 
proposal comes from comparing spectra of Type IIB string theory on the background 
of AdSs x S 5 and low-order correlation functions of the 3 + 1 dimensional M = 4 SU (N) 
super Yang-Mills theory. The dual super Yang-Mills theory lives on the boundary of 
the AdS space. This is one of the most important progresses in the superstring theory. 
Many new results have been obtained by making use this conjecture||. 

However, up to now, almost all discussions on the AdS/CFT correspondence were 
based on the so-called Euclidean version of the AdS, or an (n+ l)-dimensional unit ball 
B n+1 . To prove the AdS/CFT conjecture or to investigate its delicious implications 
in physics theory, one should work on the more challenging topic of duality between 
physics theories on the AdS space and its boundary, the compact Minkowski space. 

In this paper, by describing the unit ball B n as a submanifold of an (n + 1)- 
dimensional embedding space, we first present Poisson kernels for the Laplace operator 
with a general nonzero eigenvalue and relations between them in a unit ball B n with 
Hua's metric and conformal flat metric. Results for Euclidean version of the AdS are 
recovered in a different view. Then we discuss the AdS geometry with right signature 
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within the framework of the classical manifolds and the classical domains 0, §. It is 
proved that the AdS n+ i is isomorphic to RP 1 x B n and the boundary of the AdS is 
isomorphic to RP 1 x S 1 ™ -1 . Bulk-boundary propagator for a massive scalar field in the 
AdS is replaced by what in the RP 1 x B n based on the global geometric properties of 
AdS. The bulk/boundary correspondence in this case is also demonstrated. 

2 Poisson kernels for a scalar field in unit ball 

A unit ball B n can be described as the image of a two-to-one map of the hypersurface 

i=0 

in the space f 1 , • • • , f"- 1 ). 

An explicitly SO(l,n) invariant metric of the B n can be introduced 

ds 2 = dCdC - 53 dCdC ■ (2) 

i=0 

By denoting 

x * = §i> (i = 0, 1, n-l, T^O) , (3) 

n-dimensional vector n 1 ), and x' transfer of the x, we can rewrite 

the B n as usual 

xx' < 1 . (4) 

The reduced metric from Eq.(0) in the coordinate {x*} is of the form 

, 9 dx(I — x'x^dx' .„ s 

ds 2 = K — . (5) 

1 — XX 

Another set of coordinates for the unit ball B n can be introduced 

^ = 7^Y , (< = 0, 1, n-l; ^^0) . (6) 

In this coordinate, the unit ball B n is also described as usual 

zz' < 1 . (7) 
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The reduced metric from Eq.(§) in terms of the coordinate {z 1 } is 

-4 



ds z 



-dzdz' 



(1 - zz') 2 

There is a one to one transformation between the two sets of coordinates {x 1 } and {z 1 } 

2 

X* = — — — : . (9) 

l + zz' v ' 

Therefore, the conformal flat metric (|8|) and the Hua's metric (|5]) are different repre- 
sentations of the SO(l, n) invariant metric. And we can work by using one of them 
and got same results include invariant differential form and Poisson kernel. 
The equation of eigenvalues for the Laplace operator in the unit ball B n is 



E 



d_ 

dx l 



d 



$(x) = 



~9 ij=o ■ 

The Poisson kernel for a massless scalar field has been discussed] 

(1 - xx'Y 1 - 1 



(10) 



[1 - 2ux' + xx'Y' 1 
'1 — xx') 11 ^ 1 



for conformal flat metric , 



:ir 



for Hua's metric . 



I (1 - ux') n - 1 

The bulk field $(x) determined by the fields living on the boundary <p(u) is of the form 

1 



$(x) 



G B9 (x, u)4>(u)u . 



(12) 



UJ n —\ Juu'=l 

Now, we write down a general Poisson kernel for the Laplace operator with nonzero 
eigenvalue ml 



G% d {x,u) 



G% d (x,u) 



(13) 



The Poisson kernels G Bd (x,u) satisfy the following properties: 
• It is definitely positive. 



On the boundary, we have 



G% a {v,u) 



, 

oo , 



U ± V , 
U = V 



(14) 



• It satisfies the equation of eigenvalues for the Laplace operator with a eigenvalue 

ml 

3 Conformal boundary and AdS 

In an (n + 2)-dimensional embedding space, the (n+ l)-dimensional AdS space AdS n+i 
can be written as 

n 

i=i 

From the above definition of AdS, we know that £° and £ n+1 can not be zero simulta- 
neously, and at least two charts of coordinates [(n + l)-dimensional] U\ (£ n+1 7^ 0) and 
^0 (£° 7^ 0) should be needed to describe the AdS. 

In the chart AdS„ + i fl Hi, we introduce a coordinate 



^ = ^1 . (< = 0, 1, 2, n- rVO) • (16) 



The AdS n+ i PlWi, in the coordinate {x 1 }, is described by 
AdS n+ inWi: a(x\x j ) > , 

n 

a(x\x 3 ) = 1 + Vij x%x3 > ?7 = diag(l, -1, -1, - 1 ) . 

iJ=o ' - ' 

In the chart AdS„ + i PlZYo, let 

,0 _ s 

e 



(17) 



y 



(18) 



Til • (« 1- - , . ;"/('). 



And the AdS„ + i fl U can be written in the form 

AdS„ +1 nW : a(y\y j )>0. (19) 



At the overlap region AdS„ + i fl U fl U\ of the two charts U\ and U , one has relations 

(20) 



This shows clearly a differential structure [|lOj of the AdS. The boundary M" of the 
AdS n+ i consists of infinite points not belong to AdS n+ i fl U\ or AdS n+ i PI Uo, 

n 

W : 1+J2 VjkX j x k = , 

(2D 

i + E W j y k = o . 

i,j=0 



A new set of variables in the chart AdS„ + i fl U\ can be introduced as 
X° = x° , 

x » = y/l + (rf>)*x» , {n = l,2, n). 



Then, we have 

AdS n+1 nw 1 = { x G3ft, (x\ x\ x n )e3?"|(x 1 ) 2 + (x 2 ) 2 + --- + (x n ) 2 <i}. 

(23) 

This shows that, in the chart Ui, the AdS n+ i is equivalent to 9ft x B n . 
In the same way, in the chart AdS n+ i fl Uo, let 
rf = y° , 

if = y/l + V , (// = 1, 2, • ■ • , n). ' 2 ' ' 

And subsequently, one has 

AdS n+1 nU = { V °eK, ( V \ r, 2 , v n ) e ^(r, 1 ) 2 + ( V 2 ) 2 + ■ ■ ■ + ( V n ) 2 < 1} . 

(25) 

Therefore, both charts of the AdS n+ i, U\ and U are equivalent to 3ft x B n . 

It should be noticed that, at the overlap region of the two charts, there are relations 
among the two different sets of coordinate variables 

x° = - 

X rf ' (26) 
X" = 7/", (/i = l, 2, n). 

This fact presents a theorem for the AdS. 

Theorem: The AdS n+ \ is isomorphic to RP 1 x B n and its boundary is RP l x S n ~ 1 .. 
It is well-known that the Study-Fubini metric can be introduced on the RP 1 space 

^ = irf^w = (rfarctan/)2 - (27) 
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As presented at the previous section, on the unit ball B n , we have the Hua's metric 

/ \ 



K = ~ E *W 



s, 



x^x v 



i - E x a x a (i - E x a x 



a\2 



(28) 



a=l 



a=l 



Thus, a natural metric on the RP x B n is of the form 



ds 2 = dsQ — ds 2 n 



( 



0\2 



[1 + (X ) 2 ] 2 



- E 



+ 



x^x v 



i - E x a x a (i - E x a x 



a, ,a\2 



(29) 



But, with this metric the RP 1 x B n is no longer AdS group invariant. In what follows, 
we discuss the bulk/boundary correspondence and related topics in this case. 

4 Eigenfunctions of Laplace operator on RP 1 x B n 



Let 



9 = arctanx . (30) 

Then RP 1 x B n and RP 1 x S 11 " 1 are isomorphic to S 1 x B n and S 1 x S 71 ' 1 respectively. 
Moreover, 



rn 52 A 

□ = A 

do 2 



(31) 



where 



1 n Q a 



is the Laplace-Beltrami operator of the ball B n . 
Denote 



dx j 



(32) 



ak{m ) = 1 + 



1 + 4 



Wq — A; 2 
(n- l) 2 



(33) 
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and 

P aki<) (x,u) = [G Bd ( X ,u)r^ , (34) 
where x — (x\ ' ' ' i X™)- It can be proved that 

AP Qfc(mo) (x, m) = -(A; 2 - m 2 )P Qfc(mo) (x, u ) . (35) 

5 Bulk-boundary propagator on S* 1 x B 7 



m 



Let $o((p, u) be a field on the boundary S 1 x S n 1 of S* 1 x B n . Develop it into Fourier 
series of ip such that 

oo 

&o(p, u) = [dk(u) cos kip + bk{u) sin kp] , (36) 

k=0 

where 

a k(u) = — %(ip,u)coskip dp , h(u) = — <§ (p,u) sin kp dp . (37) 

Z7T JO ^7T JO 

Construct a scalar field $(6>,x) on S" 1 x B n such that 



x) = E [<Mx) cos ^ + <Mx) sin A;0] , (38) 

fc=0 



where 



Mx) = I a k (u)P ak{mo) (x,u)u 

Ul n —\ Juu'=l 
1 



(39) 



^fc(x) = 7T / b k(u)P ak (m () )(X,u)u . 

ZTT Juu'=\ 



Since 



AMX) = -{k 2 - m 2 )Mx) and AMx) = ~{k 2 - m 2 )Mx) , (40) 
then $(0, x) must satisfy the equation 
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□$(0,x) = -mg$(0,x) 
Finally, $(#, x) can be expressed into the form 



(41) 



1 °° f 

X) = 7, J2 / [a>k(u) cos fc0 + 6 fc (u) sin kO] P Qfe ( mo ) (x, u)u 

27ra; n _i ^r i««'=i 

= - ^/ / [$o(y,w) coskipcoskO + ® (<p,u) sin A;^ sin /c6>] P ak ( mo )(x, u)dipu , 

Z7lUJ n —i k _Q Juu'=\ JO 

(42) 

or 

X) = VXS 1 x g"- 1 ) Ls- $o((/? ' * ; ^' ' (43) 

where 

oo 

G mo (6>,x;y?,w) = J2P ak (mo)(x,u) cos k(ip- 9) (44) 

is the propagator. 
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